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ABSTRACT

The recovery of influence ontology structures is a useful
tool within knowledge discovery, allowing for an easy and
intuitive method of graphically representing the influences
between concepts or variables within a system. The focus
of this research is to develop a method by which undirected
influence structures, here in the form of undirected Bayesian
network skeletons, can be recovered from observations by
means of some pairwise similarity function, either a statistical
measure of correlation or some problem-specific measure.

In this research, we present two algorithms to construct
undirected influence structures from observations. The first
makes use of a threshold value to filter out relations denot-
ing weak influence, and the second constructs a maximum
weighted spanning tree over the complete set of relations. In
addition, we present a modification to the minimum graph
edit distance (GED) [1], which we refer to as the modified
scaled GED, in order to evaluate the performance of these
algorithms in reconstructing known structures. We perform
a number of experiments in reconstructing known Bayesian
network structures, including a real-world medical network
[2]. Our analysis shows that these algorithms outperform a
random reconstruction (modified scaled GED ≈ 0.5), and can
regularly achieve modified scaled GED scores better than 0.3
in sparse cases and 0.45 in dense cases.

We argue that, while these methods cannot replace tradi-
tional Bayesian network structure-learning techniques, they
are useful as computationally cheap data exploration tools
and in knowledge discovery over structures which cannot be
modelled as Bayesian networks.

I. INTRODUCTION

A common way of representing knowledge within a domain
is through an ontology: a set of concepts within a domain
and the relations between them [3]. Ontologies can capture
a number of types of knowledge, categorised by the types
of relations, from hierarchical relations (for example, in the
biological taxonomy of Linnaeus [4]) to relations based on
semantic similarity (for example, in the semantic web [5]). A
common form of ontology is the influence ontology, whose
relations encode causal influence between the concepts or
variables in the ontology. For example, an influence ontology

may be employed to represent the influence relations between
causes, diseases and symptoms in a medical setting (for
example, see figure 1).

The ability to recover the underlying structure of an influ-
ence ontology from observations is a useful tool in knowledge
discovery. This task has been achieved to various degrees
of success in the existing literature. Many methods exist
to recover a directed acyclic structure (see Section II-B)
[6][7][8]. In addition to structure learning, these methods learn
a conditional probability distribution (CPD) over the structure,
at the cost of limiting the structure to a directed acyclic model.

If instead we discard both direction of influence and the
CPD, we can instead recover an undirected structure, as in
[9][10][11]. These methods, however, make other assumptions,
either restricting the model structure or assuming continuous,
rather than categorical data. The purpose of this research,
therefore, is to develop a computationally cheap method by
which undirected influence structures of any density can be
reconstructed from observations, either continuous or categor-
ical, using pairwise similarity functions.

To that end, this research makes the following contributions.
Firstly, we present two algorithms to reconstruct an undirected
influence structure from observations under varying density
assumptions. Both methods can make use of any pairwise
similarity measure, either a statistical measure, as in this

Fig. 1: An example of an influence network in modelling the
symptoms and causes of diseases.
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research, or a problem-specific similarity measure such as a
distance metric or semantic similarity. Secondly, we present a
modification to the graph edit distance (GED) for comparing
undirected graphs over shared variable spaces, scaled by the
number of possible edges, here termed the modified scaled
GED, as a means of evaluating our recovered structure against
a ground truth model.

The structure of this research is as follows. In Section II, we
provide backgrounds of key concepts related to our research,
as well as brief descriptions of other research in structure
learning. Specifically, Section II-A addresses the problem
of detecting influence, Section II-B deals with modelling
ontologies as graphical models, including a brief discussion
of Bayesian networks, Section II-C discusses the problem of
learning a model’s structure from observations, and Section
II-D investigates methods of evaluating a reconstructed struc-
ture against a known ground truth model.

Section III contains the contributions of this research,
namely our two proposed algorithms in Section III-A and
our proposed evaluation score in Section III-B. In Section IV,
we outline a set of experiments to test the efficacy of our
algorithms, and the results of these experiments are presented
and discussed in Section V.

II. BACKGROUND AND RELATED WORK

A. Measures of Similarity

One of the simplest statistical measures for quantifying
influence between random variables Xi, Xj ∈ X is the sample
covariance cov(Xi, Xj), defined as

cov(Xi, Xj) =
1

M − 1

M∑
m=1

(X
(m)
i − X̄i)(X

(m)
j − X̄j), (1)

where X̄i denotes the sample mean

X̄i =

∑M
m=1X

(m)
i

M
,

and M is the number of observations in the sample [12].
Intuitively, an overall correspondence between high Xi and Xj

values and low Xi and Xj results in a high covariance, while
a correspondence between high Xi values and low Xj values,
or vice-versa, results in a low covariance, with a covariance
of 0 indicating no overall correspondence.

The magnitude of the covariance matrix depends on the
magnitude of the random variables, and thus the metric is
usually normalised. One such normalisation is the Pearson
correlation coefficient [13], whose form is

ρij =
cov(Xi, Xj)

σXi
σXj

, (2)

where σXk
denotes the standard deviation of Xk. For this

measure, a value of 0 indicates no correlation, while a value
of 1 indicates a perfect positive correlation and a value of −1
indicates a perfect negative correlation.

However, this measure is only equipped to measure influ-
ence in the case of a linear relationship. Another measure,
Spearman’s rank correlation coefficient, is able to detect

influence in the case of a monotonic relationship [14]. It is
defined as

ρij =
cov(rank(Xi), rank(Xj))

σrank(Xi)σrank(Xj)
, (3)

where rank(Xk) denotes the ranks of the values of Xk

within the set of observations. As with the Pearson correlation
coefficient, this measure ranges form −1 to 1, with the same
interpretation.

Both of these measures assume that the random variables
are continuous i.e. Xk ∈ R. In many applications, however,
random variables are often categorical, i.e. Xk ∈ Ck, where
Ck denotes the set of categories to which Xk can belong.
In such cases, it is not possible to apply the measures in
equations 2 and 3. Instead, we make use of Cramèr’s V, based
on contingency tables, defined as

Vij =

√
χ2
ij

Mmin(|Ci| − 1, |Cj | − 1)
,

where |Ck| denotes the cardinality of the set Ck and χ2
ij

denotes the Pearson’s chi-squared test, defined as,

χ2
ij =

|Ci|∑
p=1

|Cj |∑
q=1

M(Npq − NpNq

M )2

NpNq
,

where Np denotes the number of occurrences of Xi being the
pth category in Ci, Nq denotes the number of occurrences of
Xj being the qth category in Cj , and Npq denotes the number
of occurrences where both are true [15].

In practice, the measure tends to be overly optimistic, and
thus a bias-corrected Cramèr’s V is often used [16], defined
as

Vij =

√
ϕ̃2
ij

min(αi, αj)
, (4)

where

ϕ̃2
ij = max(0,

χ2
ij

M
− (|Ci| − 1)(|Cj | − 1)

M − 1
),

and
αi = |Ci| −

(|Ci| − 1)2

M − 1
− 1.

Cramèr’s V ranges from 0 to 1, with 0 indicating no correlation
and 1 indicating perfect correlation.

B. Modelling Ontologies

As ontologies consist of domain concepts or variables and
the relations between them, a natural approach to modelling
them is to use some form of graphical model, whose vertices
represent the concepts or variables and whose edges represent
the relations.

Bayesian networks, originally developed by Pearl [17],
are directed acyclic graphs (DAGs) whose vertices represent
random variables and whose edges represent influence of one
variable on another, coupled with a conditional probability
distribution (see figure 2). This structure can also be thought of
as a representation of the conditional independencies between
the random variables [18]. Indeed, it is through the exploitation
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Fig. 2: A famous example of a Bayesian network, showing
how a complete representation of any random variable X
requires considering only those variables who are parents of
X in the graphical representation [19].

of these independency assumptions that a Bayesian network
can more compactly represent a joint distribution.

An important notion in Bayesian networks is that of d-
separation, first presented by Pearl [20], which is used to
find the set I(G) of conditional independencies in the graph
G. I(G) is used as the basis for an equivalence relation, I-
equivalence, for which any two I-equivalent graphs represent
the same independency assumptions [21]. An important devel-
opment by Pearl [20] is that any I-equivalence class can be
represented as a partially directed acyclic graph (PDAG) in
which undirected edges represent edges that can be oriented
any way and still result in a graph belonging to the same class.

A crucial consequence of these results is that any method
that learns a single DAG from data (for example, those
discussed in section II-C2) may not necessarily recover the
ground truth structure, but may instead recover one which is
I-equivalent [21].

Given these restrictions and limitations, we may instead
wish to generalise our graphical model to an undirected
structure, at the cost of losing the CPDs and thus the ability
to perform inference. Indeed, for the purposes of knowledge
discovery, an undirected model can still provide useful infor-
mation about the structure of an influence ontology. Never-
theless, Bayesian networks are still useful in this research, as
they provide a method of sampling observations from a known
ground truth structure.

C. Structure Learning

As the aim of this research is to reconstruct an undirected
skeleton of a ground truth influence ontology, here expressed
as a Bayesian network, we begin by investigating the problem
of structure learning for a Bayesian network before turning
to the problem of learning undirected structures.

1) Constraint-Based Structure Learning: One approach to
structure learning is the constraint-based approach, in which
dependencies between variables are first queried and then,

based on these dependencies, a PDAG is constructed [18].
This strategy can be traced back to Verma and Pearl [21].

However, this approach is generally not preferred, as
failure in the individual independence queries can lead to the
construction of a network which poorly matches the data [18].

2) Score-Based Structure Learning: A more popular
approach to the problem is score-based structure learning, in
which entire networks are constructed and then evaluated and
modified based on some scoring metric [18]. Two areas of
interest in this approach are the choice of scoring function
and the method of structure search.

Scoring Function
One score designed to balance fit to data with network
complexity is the Akaike Information Criterion (AIC),
proposed by Akaike [22]

scoreAIC(G : D) = l(θ̂G : D)−Dim(G),

and the Bayesian Information Criterion (BIC), proposed by
Schwarz [23]

scoreBIC(G : D) = l(θ̂G : D)− logM

2
Dim(G),

where Dim(G) denotes the dimension of G and l(θ̂G : D)
denotes the logarithmic maximum likelihood function. In
particular, Schwarz [23] shows that the BIC is an asymptotic
approximation of the Bayesian score under the assumptions
of independent, identically distributed observations with a
density function in the exponential family, and where it is
also assumed that the penalty for guessing an incorrect model
is fixed. The logM

2 term in the BIC ensures that, as M grows,
more consideration is placed in models of greater complexity
[18].

Structure Search
The problem of structure search is to find the graph G that
maximises the chosen scoring function for the given data
D. In general, this problem is NP-hard for a graph whose
variables have at most d ≥ 2 parents [24]. Fortunately, there
exist heuristic algorithms which can assist in this regard.
Some of the earliest of these algorithms include the K2
algorithm of Cooper and Herskovits [6], which relied on a
predetermined ordering of variables, and the local search
algorithms proposed by Heckerman, Geiger, and Chickering
[7].

These algorithms define a search space of graphs, where
each graph can be transformed into another by a set of
operators [18]. These operators commonly include edge
addition, edge deletion and edge reversal. A search procedure
is then required to traverse the search space and select an
optimal graph. A common choice is the greedy hill-climbing
algorithm, which applies only the operations which maximise
the score [18]. This technique is prone to local maxima
and the plateaus in score caused by I-equivalent graphs.
Methods which work around this problem include the tabu
search, proposed by Glover [25], which keeps track of recent
operations and does not allow them to be reversed until a
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certain number of iterations has passed, and random restarts,
which restart the search several times with random initial
conditions [18].

3) Undirected Structure Learning: Several techniques have
been used previously to learn the structure of undirected
models. For example, Chen, Anantha, and Wang [9] calculate
the mutual information between each variable pair, sort these
values and then construct edges in descending order provided
no path already exists between two edges (to ensure no
unnecessary edges are added). This is essentially Kruskal’s
Algorithm [26], adapted to find the maximum weighted span-
ning tree of the graph, where each edge is weighted using the
mutual information.

Another method is proposed by Meinshausen and Bühlmann
[10], whose approach to continuous data is to assume it follows
a Gaussian distribution with covariance Σ, which implies that
if Σ−1ij = 0, then variables Xi and Xj are conditionally
independent. They use LASSO to estimate the presence of
non-zero elements in Σ−1. An extension of this work is
provided by Friedman, Hastie, and Tibshirani [11], who use a
coordinate descent method to estimate Σ−1.

D. Model Evaluation

When constructing an influence network, it is important to
measure how well one’s learned model recovers the ground
truth structure. In the case of a probabilistic model, a useful
measure for evaluating this is Kullback-Leibler divergence,
also known as relative entropy, developed by Kullback and
Leibler [27]. The relative entropy between two distributions,
P1 and P2, over a shared variable space X is given by

D(P1||P2) = EP1

(
log

P1(X )

P2(X )

)

=
∑
x∈X

P1(x)log
P1(x)

P2(x)
,

in the discrete case [18]. Because probability distributions
must sum to 1, D(P1||P2) = 0 if and only if P1(x) = P2(x)
∀x ∈ X [18]. Thus the closer the relative entropy between a
reconstructed model and the underlying distribution gets to 0,
the more confidently we can say that the reconstructed model
has recovered the ground truth structure.

In the case of undirected graphs which do not encode
distributions, KL Divergence cannot be used. There are a few
existing metrics for scoring the similarity between graphs.
When considering only structure, one of the most intuitive
metrics is the minimum graph edit distance (GED), first
introduced by Sanfeliu and Fu [28]. For two graphs, G0 and
G1, the minimum graph edit distance, GED(G0,G1), is defined
as the minimum number of operations required to transform
G0 into G1 (see figure 3). For an unweighted and undirected
graph where the set of operations consists of edge deletion,
edge insertion, vertex deletion and vertex insertion, Justice and

Fig. 3: A simple example of two different unweighted and
undirected graphs, G0 and G1 with shared vertex sets. Here
E0 = {(A,B), (A,C)} and E1 = {(A,B), (B,C)}, and thus
the minimum number of operations required to transform G0
into G1 is 2 (one edge deletion and one edge insertion). With
ced, cei = 1, we have GED(G0,G1) = 2.

Hero [1] define the minimum graph edit distance as

GED(G0,G1) =
∑

e∈E0−E1

ced +
∑

e∈E1−E0

cei

+
∑

v∈V0−V1

cvd +
∑

v∈V1−V0

cvi
(5)

where Ei and Vi are the sets of edges and vertices respectively
in graph Gi, and ced, cei, cvd and cvi are the costs of edge
deletion, edge insertion, vertex deletion and vertex insertion
respectively. Assuming non-negative costs and noting that
GED(Gi,Gj) ≥ 0, we have that values of GED(Gi,Gj)
close to 0 indicate similar graphs, whereas high values of
GED(Gi,Gj) indicate very dissimilar graphs.

III. RESEARCH METHODOLOGY

In this research, we present two algorithms to reconstruct
the undirected skeleton of an influence ontology over a set
of N variables, X , given a set of M observations D =
{o[1], ...,o[M ]} and a similarity function, similarity. We
also present a modified version of the GED score presented
in equation 5 to be used in our experiments in section IV.

A. Algorithms
Our first algorithm relies on a threshold parameter t ∈ [0, 1].

In this simple approach, we first construct a similarity matrix
Sij = similarity(Xi, Xj) and then keep any edges eij where
|Sij | > t. Here we take the absolute value to account for
similarity functions whose range includes negative numbers
(e.g. the correlation coefficients in equations 2 and 3). In
pseudocode, the algorithm is as follows.

Algorithm 1 Build Influence Ontology - Threshold Approach
1: procedure BUILD GRAPH(X , D, similarity, t)
2: G ← (V = X , E = ∅)
3: N ← Dim(G)
4: Sij ← similarity(D, i, j)
5: for i ∈ [0, ..., N − 1] do
6: for j ∈ [0, ..., N − 1] do
7: if i 6= j and |Sij | ≥ t then
8: addEdge(G, i, j)
9: return G
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An important consideration is the choice of threshold value.
Clearly, a low t would favour a denser graph, while a high
t would favour a sparser graph. Some prior insight into the
expected density of the ground truth model will therefore assist
in the choice of t.

One potential limitation with this approach is that the
similarity function merely measures similarity and does not en-
code conditional independence. Therefore similarities between
vertices without a common edge but with a common ancestor
may be mistaken for two vertices with influence between them
(see figure 4). In these cases, it may be desirable to recover
a sparse structure, such as a tree. To do this, we employ a
similar methodology to Chen, Anantha, and Wang [9], here
using Kruskal’s algorithm [26] to find the maximum weighted
spanning tree over the complete graph weighted eij = |Sij |,
as in the following pseudocode.

Algorithm 2 Build Influence Ontology - MWST Approach
1: procedure BUILD GRAPH(X , D, similarity)
2: G ← (V = X , E = ∅)
3: N ← Dim(G)
4: Sij ← similarity(D, i, j)
5: for i ∈ [0, ..., N − 1] do
6: for j ∈ [0, ..., N − 1] do
7: if i 6= j then
8: addEdge(G, i, j) with weight = |Sij |
9: T ← Kruskal Get MWST (G)

10: return T

Here there is no parameter, as the choice of density is
implicit in the decision to recover a spanning tree. Obviously,
limiting the reconstructed structure to a tree will preclude
other potentially valid structures (for example, the structure
in figure 2). The spanning property may also add weak edges
between nodes that, in the ground truth structure, belong
to disconnected sub-graphs. However, the method has other
strengths, as the undirected structure can be transformed into
a directed structure by directing all edges away from a given
vertex. The choice of root vertex is not obvious, but may be
assisted by domain knowledge.

B. Modified Scaled Graph Edit Distance

To modify the GED score presented in equation 5, we begin
by setting all costs to 1, and assuming V0 = V1. Assuming

Fig. 4: In this example, G0 and G1 were both recovered from
data sampled from B. Since both B and C were influenced by
A in the original model, it is possible for similarities between
B and C to be mistaken for influence between them, as in G1

a symmetric adjacency matrix representation of G0 and ,G1
(with 0s in the main diagonal), equation 5 reduces to

GED(G0,G1) =
1

2

N∑
i=1

N∑
j=1

|E(0)
ij − E

(1)
ij |, (6)

where E(k)
ij is the adjacency matrix of Gk. As with equation

5, a score of 0 in this case represents a perfect reconstruction.
As the number of edges in an undirected N -node graph
is bounded above by N(N−1)

2 [29], the worst possible edit
distance is N(N−1)

2 . Thus, by dividing equation 6 by N(N−1)
2 ,

we arrive at a modified scaled graph edit distance, a measure
where 0 indicates the best possible reconstruction and 1
indicates the worst.

GED(G0,G1) =
1

N(N − 1)

N∑
i=1

N∑
j=1

|E(0)
ij − E

(1)
ij |, (7)

IV. EXPERIMENTS

To test the efficacy of the algorithms presented in Section
III, we detail a experiment in recovering the undirected ground
truth structures of several Bayesian Networks of varying den-
sities. In addition to this experiment, we also apply algorithms
1 and 2 to data sampled from a real Bayesian Network
constructed by domain experts.

A. Bayesian Network Reconstruction

While our algorithms can be applied to any graphical
structure, Bayesian Networks (whose structures are directed
acyclic graphs) are chosen for the experiment in this research,
as observations can be sampled from them, allowing for
comparison against a known ground truth model.

To that end, we began by randomly generating 200 Bayesian
Networks. To do this, we firstly make use of the fact that a
graph is acyclic if and only if it has a topological ordering
[30], and that is true if and only if the adjacency matrix can
be transformed into a strongly upper triangular matrix [31], or
equivalently, a strongly lower triangular matrix (by transposi-
tion). To generate a random lower triangular adjacency matrix,
we define a density factor, ρ, and construct each edge in the
lower triangle with uniform probability P (eij) = ρ. Thus a
low ρ is likely to produce a sparse graph, while a high ρ is
likely to produce a dense graph.

For every N ∈ {4, 8, 12, 16, 20} (where N denotes the num-
ber of vertices in the graph) and each ρ ∈ {0.2, 0.4, 0.6, 0.8},
we generate 10 graphs, thus resulting in 200 graphs across a
range of variable space sizes and densities. These adjacency
matrices were then used to construct continuous Bayesian
Networks with Gaussian conditional probability distributions
(using the Bayes Net Toolbox for Matlab [32]) and 20,000
observations were sampled from each network using forward
sampling.

In our experiment, we use algorithms 1 and 2 to obtain
structures for each graph (varying the threshold parameter t
for algorithm 1). We employ the NetworkX implementation of
Kruskal’s algorithm [33]. Here the similarity functions given in
equations 2 and 3 are used. The modified scaled GED score
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(equation 7) is then used to evaluate the graph against the
symmetric version of the adjacency matrix used to generate
the observations. The average of the 10 graphs that share N
and ρ values is then computed and plotted against a varying
t.

As a baseline for both experiments, we use a random graph
reconstruction which randomly constructs edges with uniform
probability P (eij) = 0.5.

B. CHILD Network Application

To test our methodology on a real application, we make
use of the CHILD Network (figure 5), a Bayesian Network
constructed by Spiegelhalter [34] and adapted by Spiegelhalter,
Dawid, Lauritzen, et al. [2], used to diagnose congenital heart
disease in infants suffering from “blue baby syndrome”.

The network consists of 20 discrete nodes with 25 edges.
10,000 observations have been sampled from the network. As
the variables are categorical, we employ Cramèr’s V (equation
4) as our similarity measure. Varying t for algorithm 1, we
compute the modified scaled GED for both algorithms.

V. RESULTS AND DISCUSSION

A. Bayesian Network Reconstruction

We begin by examining the modified GED Score against
the threshold parameter t for the collection of sparse graphs
(ρ = 0.2) for varying numbers of variables N . See figures 6,
7 and 8. The error bars in each of the plots in this research
denote one standard deviation from the mean. For ease of
viewing, the error bars for the random reconstruction have
been omitted. Example reconstructions for each method can
be found in figure 9.

Our first observation is that the Pearson correlation coeffi-
cient (equation 2) and Spearman’s rank correlation coefficient
(equation 3) both produce almost identical results for the
threshold approach (algorithm 1) and identical results for
the MWST approach (algorithm 2). This trend continues
throughout the results in this research.

Fig. 5: The CHILD Network [2], a real-world Bayesian
Network, used to diagnose congenital heart disease in infants
suffering from ”blue baby syndrome”

Fig. 6: Modified Scaled GED Score vs Threshold, ρ = 0.2,
N = 4

Fig. 7: Modified Scaled GED Score vs Threshold, ρ = 0.2,
N = 12

Another observation is that for all values of t 6= 0, the
threshold approach outperforms the random approach by a
significant margin (as high as 0.3 GED for the 20-node case).
The threshold approach curves all follow a ”u-shape”, with
the ”dip” of the curve shifting towards higher t values as N
increases. The MWST approach also outperforms the random
approach, with a higher margin as N increases. For larger
values of N , the MWST approach acheives the best results,
with a modified scaled GED score of 0.1242 for N = 20. This
is probably because sparse graphs are more likely to, at the
very least, resemble tree structures.

For slightly more dense graphs (ρ = 0.4), we see similar
results (see figures 10 and 11). However, for larger N and
low values of t, we see the threshold approach performing
more poorly than the random approach. The MWST approach
continues to outperform other methods, but with worse scores
than the ρ = 0.2 case.

We now examine a dense graph (ρ = 0.6), varying t
and N as before. Refer to figures 12, 13 and 14. In these
results, we see somewhat of a reversal of some of the previous
trends. For all values of N , there are low values of t that
cause the threshold approach to perform the best. As with the
ρ = 0.4 case, even the best scores increase as N grows larger.
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Fig. 8: Modified Scaled GED Score vs Threshold, ρ = 0.2,
N = 20

(a) Ground truth Bayesian net-
work structure

(b) Threshold Reconstruction t =
0.15, GED = 7 (0.25 scaled)

(c) MWST Reconstruction,
GED = 4 (0.1429 scaled)

(d) Random Reconstruction,
GED = 11 (0.3929 scaled)

Fig. 9: Example reconstructions for a graph where N = 8
and ρ = 0.4. Black lines denote correctly reconstructed edges,
thick red lines denote incorrectly added edges and dotted lines
denote edges that should have been added but were not

The MWST approach performs more poorly at this density,
performing worse than the random reconstruction.

Finally, we examine the ρ = 0.8 case. Refer to figures
15 and 16. Here we see the best GED scores (0.1929 for
N = 8 and 0.1925 for N = 16) at very low t values for the
threshold approach. For a high density, we see that the MWST
approach performs very poorly, not even outperforming the
random approach.

In summary, we observe the following. The choice of
similarity measure, at least between the Pearson correlation
coefficient and Spearman’s rank correlation coefficient, makes
little difference, no matter the values of ρ and N . This suggests
that the influence between variable pairs follows a linear
relationship.

For sparse graphs, the MWST approach produces the best

Fig. 10: Modified Scaled GED Score vs Threshold, ρ = 0.4,
N = 8

Fig. 11: Modified Scaled GED Score vs Threshold, ρ = 0.4,
N = 16

reconstructions of the ground truth models. This is likely
because sparse graphs are likely to, at the very least, resemble
tree structures. The threshold approach outperforms the ran-
dom approach, with low t performing better for low N and
high t performing better for high N .

For dense graphs, the threshold approach produces the best
reconstructions of the ground truth models. This is because
the approach is capable of capturing the dense structure and
is not hindered by the limitation discussed in section III-A (see
figure 4). Low t values tend to produce better reconstructions.
In contrast, the MWST approach performs poorly for dense
graphs, as tree structures are, by their nature, sparse.

Overall, the algorithms perform best when reconstructing
sparse structures. This is because sparse Bayesian Networks
encode fewer conditional dependencies, and thus variable pairs
that do not have a direct edge are less likely to be strongly
correlated.

B. CHILD Network Application

For this application, we begin by executing algorithms 1
and 2, varying t in the case of algorithm 1, and plotting the
modified scaled GED against t, as in figure 17.
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Fig. 12: Modified Scaled GED Score vs Threshold, ρ = 0.6,
N = 8

Fig. 13: Modified Scaled GED Score vs Threshold, ρ = 0.6,
N = 12

Our results here are consistent with the results for a very
sparse graph (e.g. figure 8). The MWST approach produces
the best reconstruction, with a score of 0.042105 (8 edits).
The threshold approach yields a score of 0.07368 (14 edits)
for t = 0.4715. Figure 18 demonstrates these reconstructions.

In the best cases, both approaches tend to construct
very sparse structures over the variables, with the thresh-
old approach producing many disconnected components. The
MWST approach produces a very close reconstruction, pre-
serving many of the correct edges (apart form a reversal in the
CO2 and CO2 Report branch), and overall appears to capture
the 6 distinct branches in the ground truth structure.

VI. CONCLUSION

The usefulness of our research depends largely on the
requirements of the problem they are used to solve. We have
shown empirically that algorithms 1 and 2 can reconstruct
the undirected skeleton of Bayesian Networks of varying
variable numbers and densities, with a much greater fidelity
than a random approach. However, they cannot compete with
traditional structure learning approaches in this regard, as
they do not recover edge directions or conditional probability
distributions. That is not to say that these algorithms are

Fig. 14: Modified Scaled GED Score vs Threshold, ρ = 0.6,
N = 20

Fig. 15: Modified Scaled GED Score vs Threshold, ρ = 0.8,
N = 8

useless in this regard. Indeed, a maximum weighted spanning
tree approach followed by directing edges away from a given
node (as described in Section III-A), may prove to be a useful
initial condition in the structure search methods outlined in
Section II-C2, although further research is required to test this
hypothesis.

The real strength of these algorithms, however, is in knowl-
edge discovery and data exploration, as they provide a quick
and computationally cheap method to graphically represent
influence between systems of random variables, to a reason-
able degree of accuracy. The MWST approach, for example,
can show the strongest correlations in the data, while the
threshold approach can show versions of reconstruction under
different density assumptions. These explorations may prove
useful in understanding the density of the underlying ontology
and its structural characteristics (for example, uncovering the
six branches of the CHILD Network in figure 18).

While this research has focused entirely on recovering
Bayesian Network skeletons, it can, in principle, be applied
to any of the types of structures that can encode influence
ontologies. For example, consider the problem of student
plagiarism, in which a class of students produce some work
and some subset of these students influence each others’
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Fig. 16: Modified Scaled GED Score vs Threshold, ρ = 0.8,
N = 16

Fig. 17: GED vs. t for both algorithms with Cramèr’s V as a
similarity metric

work (e.g. copying). Plagiarism detection software exists that
can quantify the similarity between pairs of submissions,
and therefore, using this pairwise similarity as our similarity
measure, we can apply algorithm 1 to discover cliques of
students who worked in groups. Further research is necessary
to determine the degree to which these algorithms can recover
these types of undirected, highly cyclic and cliqued influence
structures.

Similar work can be done to cluster individual data points
based on a distance metric. For example, pieces of music
could be clustered using algorithm 1 with the distance between
content-based audio features, the hope being that these clusters
reveal some property inherent to the pieces of music (for
example, genre or artist). Once again, further research is
required to investigate this application.
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dimensional graphs and variable selection with
the lasso,” The annals of statistics, vol. 34, no. 3,
pp. 1436–1462, 2006.

[11] J. Friedman, T. Hastie, and R. Tibshirani, “Sparse
inverse covariance estimation with the graphical lasso,”
Biostatistics, vol. 9, no. 3, pp. 432–441, 2008.

[12] J. Yao, S. Zheng, and Z. Bai, Sample covariance matri-
ces and high-dimensional data analysis, 5. Cambridge
University Press Cambridge, 2015, vol. 2.

[13] K. Pearson, “Notes on regression and inheritance in
the case of two parents,” in Proceedings of the Royal
Society of London, vol. 58, 1895, pp. 240–242.

[14] C. Spearman, “The proof and measurement of associa-
tion between two things,” American journal of Psychol-
ogy, vol. 15, no. 1, pp. 72–101, 1904.

[15] H. Cramér, Mathematical methods of statistics. Prince-
ton university press, 1999, vol. 9.

[16] W. Bergsma, “A bias-correction for Cramérs V and
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